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=PFL  Conventional hierarchical multiscale methods
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Conventional vertical scale bridging relies on repeatedly (“on-the-fly”)
solving a boundary value problem at the microscale.
This serves as an effective material model.
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microscale .
macroscale FE problem FE problem g = <O’>

Though versatile, this can incur significant computational expenses!
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=PFL - A useful alternative: Data-driven methods
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What if we introduced an “offline” phase where we evaluate this

effective material model over a variety of paths, and then use that data
inside a data-driven multiscale framework?

Dataset generation from repeated

c RVE simulations ( + model training)
A

macroscale FE problem

microscale Probing the dataset (or the trained
FE problem model) at the desired strain.

Such approaches hold potential for significant acceleration!
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2PFL - An (incomplete) taxonomy of data-driven methods
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Machine learning-based models Data-driven computational mechanics
gy
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“To learn or not to learn?”
Relies on a machine learning model Relies only on the raw stress-strain data.

trained on the stress-strain data. No approximations. No loss of information.
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=PFL Machine learning-based multiscale modeling
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NN-based surrogate constitutive laws

Dataset generation

via proportional loading via random walks
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Machine learning-based multiscale modeling
NN-based surrogate constitutive laws (elasticity)

Choice of architecture:
Simple Feed-forward Neural Network

BEB

+ Simplicity
- Does not respect thermodynamics, objectivity

Training:
min ||5 - S|
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Thermodynamics-informed Neural Network

+ Built-in thermodynamic consistency
assuming the mapping is convex
(e.g. via Input Convex Neural Networks)

min || — ]| + ws||S - S|
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Machine learning-based multiscale modeling
NN-based surrogate constitutive laws (elasticity)

Choice of architecture:
Invariant-based “Constitutive” Neural Network

+ Built-in objectivity/frame indifference Note:

There are also other ways to satisfy frame

indifference, e.g. via Tensor-basis Neural
Training: Networks

min [ — || + ws||8 - S|
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£PFL Machine learning-based multiscale modeling
NN-based surrogate constitutive laws (inelasticity)
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Approach:

Generalized Standard Material Networks (GSMN) Dissipati
Issipation
potential

; 32, 2)
=1

+ Built-in thermodynamic constistency Evolution of ISVs governed by Biot equation:

incl. positivity of the dissipation 26 o
- Does not encompass all types of materials P + 9z 0
Training: X .
o 0P

_|_
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£PFL Machine learning-based multiscale modeling
NN-based surrogate constitutive laws (inelasticity)

Approach:
Neural ODE/Recurrent Neural Networks
ISV rate
E .
zZ

z
+ Versatile framework for wider class of materials Alternatively, the ISV at the next time step
- Weakly-enforced positive dissipation may be predicted by an RNN/LSTM/..

Training:
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R . . oy .
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=PFL - Machine learning-based multiscale modeling
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NN-based surrogate constitutive laws (inelasticity)

Both the GSMN and the Neural ODE-based approach need to be supplemented by
a model that compresses all microstructural RVE information € to an appropriate
set of ISVs z, e.g. via an Autoencoder or a Proper Orthogonal Decomposition.
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=PFL - Physics-informed ML-based multiscale modeling
Physics-informed neural networks
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Instead of directly approximating the effective energy/stress, we can also use ML to efficiently
solve the microscale boundary value problem while respecting the physics (momentum balance,
etc) at that scale and the boundary conditions.

Homogenization
(a0

Koo o>

PDE residual Boundary conditions

v v

mein wppeLPDE + WBCcLBC

Training:
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=PFL - Physics-informed ML-based multiscale modeling
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Physics-informed neural operators

The previous approach can only furnish the microscopic solution field for a given RVE.
Neural operators instead learn the mapping between any RVE (or the same RVE with
different loading conditions) and the corresponding microscopic solution field.

F . A(Q;RdM) — U(Q;Rd“)

Ndata
Z Z 1Sap — Sasl|  Lrpe = Z I|divS,|] Stress field
. . Ndata a—1 b1 Ndata
Trammg: Data PDE residual

v v

mgin WaataLldata + WpDELPDE

Material field

»Cdata —
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=PFL - Physics-informed ML-based multiscale modeling
Physics-informed neural operators
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The previous approach can only furnish the microscopic solution field for a given RVE.
Neural operators instead learn the mapping between any RVE (or the same RVE with
different loading conditions) and the corresponding microscopic solution field.

Fourier Fourier
layer 1 layer T
& = =2
Lifting Hk AN £§ uPrOJectlon
layer S 4 = layer
O=®= @\G)—’ o
= ==
. . Ndata Mdis Ndata X
Material field Lo = Z ||Sab Swl  Lrpr = Z HleS' I Stress field
.. . Ndata a—1 b1 Ndata
Trammg- Data PDE residual
v v
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Data-driven computational mechanics )

A reformulation of the field problem of mechanics

Triaxial
shear O3 03!l extension

No material model, no loss of information

o 30
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RVE simulation
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g
Material Data Set D

Direct use of data and physical principles, without any interpolation

Eminent physical meaning (distance)

-
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=PFL Data-driven computational mechanics "
A reformulation of the field problem of mechanics
gy
Perform double minimization in staggered fashion
L min d
min min d(z, y)
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=PFL Data-driven computational mechanics

Fixed-point algorithm

Iterative scheme, involving:
i) Solution of two modified ‘elasticity’ problems

ii) Database search
M

(Y wB!lC.B,) Z w,BTC,er (1)

e= 1
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Assemble K, f

¢

Initialize mat. states z:© = (c*©, 5*(©)

€

lTrue

Compute mech. states z0 = (0, 5)
by solving (1)(2)

o
Search D, for nearest
neighbours z )—(E“ A9

Major /

computational
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(tree-search)
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=PFL Data-driven computational mechanics
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What if data are scarce?

Iteratively sample poorly populated regions of the phase space

o, o o, Cluster 2
LI g LX)
o ’.0'0 g Cluster distant Cluster 1 o ’of'
o % T e . o ° v »®
Eoep \ 2 equilibrium states o !
3‘.’ N\ . > w ,'
e® AN ' Distance °® Seo
° R Poorly covered regions ° Target centroids with
(large distances) new simulations
:8 :8
Update material dataset and
run data-driven simulation

Adaptive sampling via unsupervised learning
Repeat until distance is small enough
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=PFL Data-driven computational mechanics
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History-dependent (inelastic) formulation

Original formulation
Phase Space: Z = {(e,0)}

Equilibrium Set: £ ={z € Z|(1),(2)}

Material Data Set: D c Z

o o e Rl

O3

min min d(z,y)

Triaxial ¢ lf
compression

Triaxial
extension

Simple
shear O3

History-dependent extension

History-dependence — Notion of time

Time-dependent Equilibrium Set: E,C Z

N
o
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Time-dependent Material Data Set: D,c Z

min min d(zg, Yk
zrEEL yr €Dy ( ’ )

/Ek+] /DkH
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=PFL Data-driven computational mechanics

Modified solution algorithm

Iterative scheme, involving:
i) Solution of two modified ‘elasticity’ problems
ii) Database search

Zw(BT(C B.) Zw,BT(C el
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Assemble K, f;
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Initialize mat. states z}, = (¢ .07 ,)
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=PFL Data-driven computational mechanics
History parametrization
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History-matching Internal variable Thermodynamics
Diy1 = {(€k+1,01+1) [ {e1}i<k}  Diy1 = {(€xt1,0k+1) | (€, Ok, qk)} Dit1 = {(€k+1,0%+1) | (€k,0%), (1)}
Internal variable:q = {F, ...} Diy1—Di= % (€kt1 — €k)
0, Effectively Dissipation | (A+1—Ar) 20 (1)
shared history 7
J Free energy
0] Dataset 1
x Current state

Inadmissible
\ States

> ,_/

Material-dependent
Requires access to micromechanics
Augments space by set of int. variables

\ D>0

D=0
Equilibrium set
~ (elastic domain)

>e

Material-independent

Inefficient Material-independent
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=PFL Data-driven computational mechanics
Application to granular materials

Free energy/Dissipation Internal variables
Granular — Paa(n,f,1
RVE na(n, f,1)
= pom(Y wen) . n P () Prja(£]m) P (1F, )
pEOP z
1 Contact
o =1/5ym Z fe ®1°) structure

1 Dimensionality reduction
(Second-order statistics)

¢ _ If“||2 If‘:ll2
S v il

1
dD:Zch:Vthc-du”“p Pa(n) = —(1+n-Fn)
/p 1 Collect variables
/ oP Fabric tensor
T Boundary

particles
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=PFL  Qutlook

- ML-based multiscale modeling: Tomorrow’s exercise

- DDCM-based multiscale modeling: Next week’s exercise
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EPFL - Discussion
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That’s what | prepared for you today.
What would you like to discuss?
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=PFL  Reading for next class:
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Collection of research articles
(Week 11 - Reading Assignments)
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